J Math Chem (2014) 52:1841-1847
DOI 10.1007/s10910-014-0350-0

ORIGINAL PAPER

The spectrum and spanning trees of polyominos
on the torus

Fuliang Lu - Yajun Gong - Houchun Zhou

Received: 12 March 2014 / Accepted: 17 March 2014 / Published online: 23 March 2014
© Springer International Publishing Switzerland 2014

Abstract Polyominos was extensively studied in chemistry and mathematics. The
spectrum of a (molecule) graph is the set of eigenvalues of its adjacency matrix. The
spectrum and the number of spanning trees of polyominos on the torus are determined
in this paper.
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1 Introduction

A polyomino, also called quadrilateral lattice, chessboard [3], square-cell configura-
tion or lattice animal [7,8,11], is a finite 2-connected geometric graph in which every
interior face is bounded by a regular square of side length 1 (i.e. called a cell). Poly-
ominos have attracted many mathematicians’, physicists’ and chemists’ considerable
attentions in history. Many interesting combinatorial subjects are yielded from them,
such as domination problem [3,5], spanning trees [12] and rook polyominal [10] etc.
Zhang and Zhang [13] gave a necessary and sufficient conditions for polyomino graphs
to have a Kekulé structure. Calkin and Wilf [1] counted the number of independent
sets in a polyomino graph. Merino and Welsh [9] considered the forest, colourings
and acyclic orientations on the polyomino.

An m x n polyomino, denoted by P, ,, consists of mn sites arranged in an array
of M rows and N columns, see Fig. la. By adding edges aiay,, bib,, ujv;(j =

1,2,...,m — 2), an m x n polyomino with cylindrical boundary condition can be
gotten, denoted by Py, . By adding edges aa,, bib,, ujvi(j = 1,2,...,m —2)
and agbiyr(i =1,2,...,n,0 <r < n)to Py n,an m x n polyomino with the twisted

toroidal boundary condition can be gotten, denoted by Py, ,, .
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Fig.1 a Am x n polyomino Py, ,; b the labeling of Py, ,

Let G = (V(G), E(G)) denote a (molecule) graph with vertex set V(G) =
{vi, v2, ..., v,} and edge set E(G). The degree kg of a vertex v is the number of
edges attached to it. A k-regular graph is a graph with the property that each of its ver-
tices has the same degree k. The adjacency matrix A(G) of G is the n x n matrix with
elements A(G);; = 1if v; and v; are connected by an edge and zero otherwise. The
Laplacian matrix L(G) is the n x n matrix with the element L(G);; = ksd5; — A(G)y;,

where J;; is the Kronecker delta, equal to 1 if s = j and zero otherwise. Sup-
pose A;(j = 1,2,...,n) are the eigenvalues of the adjacency matrix A(G). Sup-
pose u;(j = 1,2,...,n) are the eigenvalues of the Laplacian matrix L(G), where

w1 < pp <--- < u,. We know that ;1 = 0, then the number of spanning trees of a
graph G can be expressed by

1 n
t(G =—|| i
(G) njzzl/vj
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It turns out that # (G) has asymptotically exponential growth; one defines the quantity
7(G) by

log1(G)
2(G) = im ——.
IV(G)|=oo [V(G)
This limit is known as the asymptotic tree number entropy, asymptotic growth constant
or thermodynamical limit.
The spectrum of PnCL ,, has been gotten (see for example Section 2.6 in [4]). It can
be expressed as follows:

2k j T
2cos—n+2cos J , k=1,...,n, j=1,...,m.
n m+1

And the eigenvalue of P, , o can be expressed as follows (see for example Section
2.6 in [4]):

2k 2jm . m
2cos— x2cos—, k=0,1,....,.n—1, j=0,1,..., ——1. (1)
n m 2
Wau [12] has obtained closed-form expressions for the number of spanning tree of Py, ,
and the asymptotic tree number entropy is 1.1662.

In this paper, we consider the spectrum and spanning trees of Py, , . In Sect. 2,
we present a lemma. The spectrum of Py, ; , is obtained in Sect. 3 and the number of
spanning trees of P,, , , is gotten in Sect. 4.

2 A lemma

Firstly, we need a lemma. Denote the k block circulant matrix

Vo Vi W e Vi—1
kVi_i Vo Vi T V-2
kVio kVy_1 Wy e Vi3

kVq kV, ... kVie_1 W

by k — circ(Vo, V1, ..., Vo1).

Lemmal ([2]) Let V = k — circ(Vy, V1, ..., V,—1) be a k block circulant matrix

over the complex number field, where all V; are m x m matrices, t =0,1,...,n— 1.
Then
n—1
det V = [ det(s),
t=0

where J; = Vo + Viwo + Vaw? + -+ V10" L, wis a primitive nth root of k.
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3 The spectrum of square lattice

Theorem 2 If m is even, then the spectrum of the Py n » can be expressed by

2rkm
mn

2k 2jm . m
2cos — +2cos | — + , k=0,1,....,n—1, j=0,1,..., — — 1.
n m 2

Proof Label the vertices of the P, , , as Fig. 1b shows. Then the adjacent matrix

of it has the following form:
r=2 r—2
A(G) = 1 —circ| Am, Emy Oy -, Oy By, Oy o, O, BE Oy ..o, Oy Eny

’

where
0O 0 O 0 0 1
01 0 10 o0 010 0
000 0
0o --- 0 1 1 :
o ... 1 1 000 -0/,
1 0 0 --- 0 1
mxm

BT is the transpose of B, E,, is the m x m identity matrix, 0,, is an m X m matrix
and all its entries are zero.
Next, we calculate the eigenvalue value of A(G). The characteristic polynomial of
A(G) is
¢) = |AEpn — A(G)].

By Lemma 1, we have
n—1
$0) = [[ILEw = fl@r)l.
k=0

where f(x) = A+ xE +x"B + x""HBT 4 x""1E and wy = cos(2kw/n) +
i sin(2km/n).

Note that
—a —-b 0 --- 0 0 -1
' —a -1 0 -~ 0 0
0 -1 —a -1 0 --- 0
AEw — f(ox) = ;
0 - 0 -1 —a -1 0
0 o -~ 0 -1 —a -1
—1 o 0 -+ 0 -1 —a

mxm
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where @ = (wg + @) — A, b = w}. Multiplying by 5//>~! in columns j and j + 1
when j is even and m > j > 2, then multiplying by b in rows 2 and by 5~ —D/2+1
inrows j and j 4+ 1 when j isodd and m > j > 3, we have

-« b 0O -~ 0 O 0 0 -—bz7!
1 —ab b 0 --- 0 0 0 0
0 1 —a —b 0 0 0 0
0 0 —1 —ab —b 0 0 0
bIAEy — fll=| = . T
0 0 0 -1 —a —b 0
0 0 0 0 -1 —ab —b 0
0 0O 0 0 --- 0 —1 —a —b
% 0 0 0 0 0 -1 —ab

mxm

- ’blf% —cire(A, B0.....0, C/)‘,

. (-a -b C (0 0Y (0 =5
A—(—1 —ab)’ B_(—b o)’c_(o 0 )

By Lemma 1,

where

2-1

b3 MEy — flwp)| = b% H ‘A +Bej+Cle?
j=0

51

)

o dnjmw —2rmkmw+4rkn .« A4njm—2rmkx+4rkmw
where ¢; = cos i + i sin o .

Let b7 |AE, — f(wy)| = 0, then we have
m -1 m

m_y 2
‘A +Be2]+Cs7 ‘:
]0 j=0

-1

a’b —2b — b’e; —5;1 =0. )

By (2), we can obtain
a==x2cos2nj/m 4+ 2nrk/mn).
Hence, the eigenvalues of A(G) are

~1
Mt = (a)k+a)" )—I—a
J k
= cos —2]‘” +isin &% 2k” + cos 2 nl)k” + i sin 2= Uk” + 2 cos (2” + —2’k”)

mn
= 2cos =& 2k” + 2 cos (21" —i—w),

mn

Wherek=0,1,...,n—1,j=0,1,...,%—1. O
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Specially, when r = 0, Formula (1) can be gotten by Theorem 2.

4 Enumeration of spanning trees of Py, ,,,

Theorem 3 If m is even, then the number of spanning tree of the Py, can be
expressed by

mn"lZ

2k 2 2k o f 2rkm 2jm
HH 4 — 4cos——|— cos +—11.
k=0 j=0 mn mn
(k, j)#(0,0)

Proof Note that the degree of every vertex of Py, , . is 4, the Laplacian matrix L(G) =
41y, — A(G), and the Laplacian eigenvalues are u; = 4 — A, where A; are the
eigenvalues of A(G). Noticing ug = 0, we have

m

n—17— .

2k 2rkm 2jm

t(G —_— 4 -2 ——2 —_
(©) mnHH[ (m+m)}

k=0 j=0
(k, j)#(0,0)
2k 2rk 2j
X |:4—2c0s—n+2cos( T +J—n)i|
n mn m
mn 12 2k 2k orkn 2j
= HH |:4 4cos—+cs——cos(r —l—ﬂ)}
mn k=0 j=0 n n mn m
(k, j)#(0,0)

By the definition of the asymptotic tree number entropy, we have

2(G) = log t(G)

OO
nﬁoo mn

13 2k 2k 2rk 2j
1n2—|—11m E E ln|:4 4cos—+ 2—]T—cs (rn+17n)i|
n—)oo mn m
k=0 j=0
(k, j)#(0,0)

2n w

1
=In2+ 4—2//1n(4 — 4cosx + cos® x — cos? y)dxdy ~ 1.1662.
T

That is the asymptotic tree number entropy of Py, , , is the same as the one of
Py . O
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